Background: Analysing and modelling plant growth is an important interdisciplinary field of plant science. The use of relative growth rates, involving the analysis of plant growth relative to plant size, has more or less independently emerged in different research groups and at different times and has provided powerful tools for assessing the growth performance and growth efficiency of plants and plant populations. In this paper, we explore how these isolated methods can be combined to form a consistent methodology for modelling relative growth rates. Methods: We review and combine existing methods of analysing and modelling relative growth rates and apply a combination of methods to Sitka spruce (Picea sitchensis (Bong.) Carr.) stem-analysis data from North Wales (UK) and British Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) yield table data.
Background
Growth is a universal and fundamental process of life on earth. The analysis and modelling of plant growth has therefore been a particular concern in plant science as well as in production biology including forestry, agriculture and fishery to name but a few. This research has the important objective to identify growth patterns in response to environmental factors or treatments.
In this context, the concept of relative plant growth, involving the analysis and modelling of plant growth relative to plant size, has proved to be a powerful tool in comparative studies of the growth performance of plants and has a long tradition in plant science (Evans 1972, p. 190ff .; Pommerening and Muszta: Concepts of relative growth -a review, submitted). It first developed at the beginning of the 20
th century in what eventually became the British school of plant growth analysis, mainly at Sheffield University (Hunt 1982, p. 1, 16) . Independently of the British school another quantitative plant science group developed at Tharandt/Dresden Technical University in Germany. The Tharandt school characterised the growth of trees by using a variant of the concept of relative plant growth and on this basis eventually developed a population model and a size class model for predicting the growth of trees (Wenk et al. 1990 , Wenk 1994 . There is also evidence of empirical Russian work in this area (Antanaitis and Zagreev 1969) and particularly remarkable is the detailed Finnish work by Kangas (1968) .
Relative growth rate is a standardised measure of growth with the benefit of avoiding, as far as possible, the inherent differences in scale between contrasting organisms so that their performances can be compared on an equitable basis (Hunt 1990, p. 6) . Applications of relative growth rates include the study of dry weight, biomass, leaf area, stem volume, basal area and stem diameter. Interestingly, the concept is closely related to plant mortality (Gillner et al. 2013) , i.e. low relative growth rates for extended periods of time are good indicators of imminent death. Relative growth rates are also pre-requisites for quantifying and modelling allometric relationships in plants (Gayon 2000) .
Assuming that function y(t) models the state of a plant characteristic at time t, for example the weight, area, volume or biomass of a plant, relative growth velocity or instantaneous relative growth rate (RGR; in forestry termed relative increment) can be expressed as
As instantaneous growth rates cannot be measured in practice, the difference between growth characteristics of interest is usually studied at discrete points in time, t 1 , t 2 , …, t n , which for example are scheduled survey years. In this context, the period between two discrete points in time can be denoted by Δt = t k -t k -1 with k = 2, …, n. For ease of notation in the remainder of this section we set y(t k ) = y k and p(t k ) = p k etc. and assume equidistant time periods. However, the notation can be modified to accommodate unequal time periods (Pommerening and Muszta: Concepts of relative growth -a review, submitted).
According to Blackman (1919) , Whitehead and Myerscough (1962) and Hunt (1982 Hunt ( , 1990 , periodic relative increment or mean relative growth rate, p k , over a time period Δt is the difference of the logarithms of y k and y k -1 divided by Δt, see also Causton (1977, p. 213) .
Considering a short time period, mean relative growth rate is approximately equal to the instantaneous relative growth rate p(t). Blackman (1919) originally referred to equation (2) as "efficiency index" and "specific growth rate", see also Causton and Venus (1981, p. 37) . From the last term we can see that equation (2) can be interpreted as the logarithm of the ratio of successive size measurements divided by the corresponding time interval (Pommerening and Muszta: Concepts of relative growth -a review, submitted).
According to Evans (1972, p. 197) and Hunt (1982, p. 17) , the current value of a plant characteristic can be calculated from a value in the past based on equation (2) as
Equation (3) is also referred to as Blackman's efficiency index which is supposed "to represent the efficiency of the plant as a producer of new material, and to give a measure of the plant's economy in working" (Blackman 1919) .
The exponential term in equation (3) has fascinated plant growth scientists and inspired them to devise special names. Kangas (1968, p. 50f.) coined the name growth coefficient, whereas Wenk (1972) suggested the name growth multiplier, M k (equation 4).
The growth coefficient or multiplier is obviously a function of relative growth rate and can also be defined as the ratio of a particular plant size characteristic at different times. Part of the fascination with M k stems from the fact that the growth multiplier plays a crucial role in predicting future growth based on relative growth rates (Kangas 1968, p. 19; Wenk et al. 1990, p. 95f.; Murphy and Pommerening 2010) .
The allometric coefficient, m k , mediates relative changes of plant size characteristics, e.g. x and y (where y has the same meaning as in the equations before). m k is an important part of the concept of relative growth (Gayon 2000) . Considering short time periods it is often assumed that the allometric coefficient is constant. Wenk (1978) could show that in such a case the mean relative growth rates p x and p y of size characteristics x and y are related as
The objective of this paper is to explore how relative growth rates of individual plants as well as of plant populations can be efficiently analysed and modelled using a system of simultaneous functions of relative growth and allometric relationships developed in different research schools.
Functions of relative growth
Hunt (1982), Wenk et al. (1990, p. 79) and Zeide (1993) give a number of plant growth functions and provide detailed discussions. They are often combinations of power functions and exponential functions (Zeide 1989) . Zeide (1993) and Pommerening and Muszta (Concepts of relative growth -a review, submitted) show how they relate to each other. These authors also compiled a number of functions of relative growth, which are reproduced in Table 1 .
The functions in Table 1 are based on the original growth functions and on the corresponding functions of absolute growth rate, i.e. the first derivatives of the growth functions with respect to time. Most functions of relative growth rate have the advantage that they have fewer model parameters than the corresponding functions of absolute growth rate. Kangas (1968, p. 69) independently suggested the function listed in Table 1 next to his name for modelling the growth multiplier of equation (4) and referred to it as the growth coefficient function.
Modelling individual plant growth
The strategy of modelling individual plant growth is straightforward: 1) A suitable function of relative growth rate is selected from Table 1 or from other publications. 2) A primary plant size characteristic is identified, e.g. tree volume. 3) Secondary plant size characteristics, e.g. tree height and tree diameter, are linked to the function of relative growth rate of the primary plant size characteristic through allometric relations. 4) The 2-3 model parameters of the function of relative growth rate and the two allometric coefficients are estimated simultaneously through nonlinear regression. Jones et al. (2009, p. 219f.) describe how such more complex types of nonlinear regression can be calculated in R using the function optim. Wenk et al. (1990, p. 174ff .) selected primary and secondary plant size characteristics in such a way that error propagation was effectively reduced: They identified tree volume as a three-dimensional size characteristic to be the primary characteristic and one-dimensional total tree height and stem diameter as secondary characteristics. However, since this is a generic approach, there is no need to strictly follow this recommendation. Tree volume can for example also be replaced by weight or biomass.
To illustrate this combined methodology we have used stem-analyses data of four Sitka spruce (Picea sitchensis (Bong.) Carr.) trees taken from the same forest stand in Clocaenog Forest (North Wales, UK). Stem-analysis data include annual tree size characteristics such as stem volume, total tree height and stem diameter at 1.3 m above ground level. As function of relative growth we selected the well-known and frequently used Chapman-Richards function, but any of the other functions in Table 1 would perform reasonably similar (Pommerening and Muszta: Concepts of relative growth -a review, submitted). As an example, Figures 1 and 2 give a visual impression of Korf (Zeide 1993 ) ae
Weibull ( the regression results of tree # 5000. The corresponding model parameters and other summary statistics can be found in Table 2 . The relative growth curve of volume, p v,k , in Figure 1 (A) is based on the Chapman-Richards model (see Table 1 Figure 2 demonstrates how the relative growth rates of tree # 5000 "translate" to modelling the observed growth characteristics using the growth multiplier of equation (4). Again, any other growth characteristics can be used instead of volume, total height and stem diameter, the growth analyst is completely free to choose.
Figure 3 (A) summarises the curves of relative volume growth rate curves of all four trees.
As expected the three curves decline throughout growth and particularly trees # 2000, 3000 and 4000 appear to have quite similar growth patterns, as is often the case with trees of the same population growing in similar environmental conditions. Their curves form almost parallel lines in the order 4000 > 3000 > 2000, i.e. tree # 4000 has the highest relative growth rate throughout its lifetime and tree # 2000 the lowest. This trend also seems to be reflected by model parameter b, which is responsible for scaling the growth rate (Pienaar and Turnbull 1973) , although this requires a more detailed study.
Tree # 5000 exhibits a growth pattern different from the other three trees: Its growth starts with a comparatively low rate, but finishes with a rate markedly higher than those of the other three trees. The curve of Tree # 5000 intersects those of the others approximately halfway through its lifetime.
The data of all four trees start at the same age (10 years) and end approximately at the same age (48-50 years). Trees # 2000 and 5000 are larger than the other two trees at the beginning, whilst trees # 5000 and 4000 are the largest at the end of their lifetime.
Many authors point out that RGR is size dependent, i.e. individuals with a smaller initial size have a larger relative growth rate (Turnbull et al. 2008; Rose et al. 2009; Rees et al. 2010 ). This can mask important relationships and it may be difficult to tell whether a tree grows slowly because it is large or because it is pursuing a slow growth strategy. To check up on this argument A B C Figure 2 Volume (A), height (B), and diameter (C) development over time of tree # 5000 in Clocaenog Forest (North Wales, UK) at Cefn Du (plot 1). we can calculate size-standardised RGR. To this end, first the Chapman-Richards growth function (see first row in Table 1 ) is fitted to the observed size data of the four trees. Inverting the Chapman-Richards growth curve provides a possibility to convert volume (or any other size characteristic) to time/age, see equation (6) (which obviously is different for other growth functions in Table 1) .
This conversion of time to a growth characteristic on the abscissa allows depicting size-standardised RGR in Figure 3 (B). We get a better understanding of the differences in relative volume growth rate of the four trees and see more clearly that tree # 5000 due to the lower rate of decline has a superior relative growth rate throughout most of its volume development despite the fact that its initial RGR is much lower than those of the other trees. Also the ordering of trees # 2000 and 3000 is interestingly reversed compared to non-standardised RGR (Figure 3, A) . We can also see that tree # 3000 is the tree with the smallest final volume despite having a longer lifespan than all other trees.
As RGRs and growth multipliers are measures of relative growth it seems natural to relate them to relative size variables. The stem diameter growth multiplier of individual trees of the next time step, M d,k+1 , is for example correlated with their current stem diameters, dbh k , relative to the current quadratic population diameter, dg k , i.e. d rel, k = dbh k / dg k . Figure 4 illustrates this relationship for the conifer trees of a mixed coniferbroadleaved woodland at Coed y Brenin (plot 7, North Wales, UK). As a model function to describe this relationship the Michaelis-Menten saturation curve (Michaelis and Menten 1913; Bolker 2008 ) was used, as it appears to describe the data well.
Apparently the diameter multiplier decreases with increasing tree size relative to the population mean and levels off with very large ratios when trees are much larger than the population mean. Using the relationship between a relative tree diameter and the growth multiplier also has the advantage of predicting future growth from current size and from size dominance at the same time.
Coming back to the relationship between relative growth rate and mortality (Gillner et al. 2013) , trees in the lower range of M d,k+1 carry a high probability of dying.
Modelling of plant populations
In the same way as it is possible to model individual plants one can also model whole plant populations. In this case, the growth rates are calculated from population summary characteristics. Details of this approach are also documented in Wenk and Nicke (1985) , Nicke (1988) and in Wenk (1994) . Drawing an analogy to the example used in the previous section we can for example model volume per hectare, top height and quadratic mean diameter of a forest stand. Let us denote the corresponding relative growth rates as p V,k , p H,k , and p D,k using capital letters for population volume (V), height (H) and diameters (D) in the subscripts. The methodology is almost exactly the same with the exception that there is a need to account for trees leaving the forest stand. These losses can be due to forest management or to natural mortality or can be a combination of both. For simplicity we introduce just one additional function that we simply refer to as loss function here, l V,k , to collectively take care of death events as a result of disturbances. This function was suggested by Wenk et al. (1990, p. 159) .
where Q is the ratio V res kþ1 =V res k ; i.e. the ratio of successive residual stand volumes (superscript "res" denotes "residual"). The ratio Q defines the loss and must not exceed the volume growth multiplier, as negative values are not defined. With Q = 1, p V,k = l V,k and the forest stand does not grow. The loss function is therefore a ratio of two multipliers subtracted from one and can also be estimated with the Chapman-Richards relative growth rate function.
Forest stand volume is then calculated and projected in the following way (considering that the superscripts "prior" define the forest state before disturbance, "lost" the part of the tree population lost and "res" the state of the residual forest after disturbance):
In a first step, the volume per hectare of dead trees, i.e. the absolute loss in terms of volume, is calculated as the product of the volume of the forest stand before the In analogy to volume projection, the development of a density measure such as trees per hectare can be modelled. Stand height is also modelled in a similar way as outlined in the last line of equation (9) and like individual-tree heights.
Finally, the quadratic mean diameter, dg prior k
; of the forest stand before disturbance is calculated from stand basal area before disturbance, G prior k ; and the number of trees per hectare before disturbance, N prior k ; using the following two equations.
f H is a static form height function. Such form height relationships are available for many species and countries.
The equations of this section can be included in a regression routine, for example in the optim function of R mentioned before (Jones et al. 2009, p. 219f.) . As a function of relative growth rate we again select the Chapman-Richards function (see Table 1 ), but any of the other functions is suitable, too.
To illustrate this method we have used Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) data from British yield tables (Edwards and Christie 1981) , specifically those relating to yield class 24, initial spacing 1.7 m × 1.7 m and crown thinning. Yield tables can be interpreted as tabular summary characteristics of forest stands, whereby the yield classes represent different environmental conditions resulting in a larger or smaller carrying capacity. Naturally any other aggregated plant population data can be selected for this purpose.
The yield table data are provided for five-year intervals and as a consequence relative growth rates and growth multipliers also relate to 5-years periods.
In addition to the yield table data, we have used the UK form height function for Douglas fir suggested by Matthews and Mackie (2006, p. 325) :
where H is stand top height in metres. Figure 5 (A) shows the relative volume growth rate at forest stand level, p V,k , and the relative volume loss rate, l V,k . Note that p V,k < l V,k at all times to fulfil the aforementioned requirement that Q must not exceed the volume growth multiplier. Figure 5 (B) gives the quadratic mean stem diameter and top height relative growth rates over time. They start at a much lower rate than the relative volume growth rate and are related to it by the allometric coefficient m. Table 3 gives data and model summary characteristics. Figure 6 presents the temporal development of the actual population size characteristics volume per hectare, top height and quadratic mean diameter. Again they have been calculated from relative growth rates as explained in equation systems (8) and (9).
We can now take a look at the relative volume growth rates of the four Douglas fir yield classes 8, 12, 18 and 24 (Figure 7, A) . Interestingly the relative growth rates almost do not differ at all, only the curve representing yield class 8 is slightly higher than those of the other three. This result is somewhat counter-intuitive assuming that a yield class of 8 represents the least favourable of all four environmental conditions. The outcome suggests that a forest growing on a worse site is relatively more efficiently growing than a forest benefitting from better site factors.
Using again the Chapman-Richards growth function and equation (6) we can calculate standardised relative growth rates resulting in Figure 7 (B).
We can now clearly see that larger yield class numbers, i.e. more favourable environmental conditions, correspond to higher standardised relative growth rates. The standardisation has again helped us to better discriminate between the differences in relative growth rate of the four populations.
Final discussion and conclusions
Our examples in this paper have demonstrated that by bringing together the approaches in general plant growth analysis and in forest growth and yield science it is possible to advance the concept of relative growth. Modelling of relative growth rates is straightforward and A B Figure 5 Relative growth rates of the British Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) yield class model for yield class 24, initial spacing 1.7 m × 1.7 m and crown thinning (Edwards and Christie 1981) . A: The relative volume growth rate (red) and relative loss rate (blue) B: The corresponding relative growth rates of the quadratic mean stem diameter height (blue) and of top height (red). often the corresponding growth functions have fewer model parameters than the respective versions of absolute growth rates. The recent introduction of size-standardised relative growth rates (Turnbull et al. 2008; Rose et al. 2009; Rees et al. 2010 ) has proved to be very effective for improving our understanding of growth efficiency and this approach can definitely be recommended. Modelling relative growth rates serves two purposes, 1) an improved analysis of growth performance and efficiency and 2) the prediction of future or past growth rates. The methodology described in this paper also allows "backcasting" by simply dividing plant growth characteristics by the growth multiplier instead of multiplying (Murphy and Pommerening 2010) .
The obvious similarity between individual-tree and population modelling of relative growth rates suggests a link between these two modelling levels (see for example Cao 2014). In short, the idea of this approach is to combine the advantages of different modelling resolutions, particularly to employ information of population models (that are mathematically more tractable and statistically more stable) for improving individual-tree models. This strategy is often referred to as disaggregation. Zhang et al. (1993) describe a method of disaggregation using relative tree sizes similar to d rel,k shown in this paper. Since this relative size characteristic has also proved useful for modelling growth multipliers, a disaggregation modelling approach for linking the two modelling levels described in this paper is very likely to be successful.
The properties of the concept of relative growth make it a superb choice for growth reconstruction as required in dendrochronology, climate change and forest decline research and we hope that the methodology outlined in this paper will inspire much interdisciplinary research, A B C Figure 6 Stand volume (A), top height (B), and quadratic mean stem diameter (C) development over time of the British Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) yield class model for yield class 24, initial spacing 1.7 m × 1.7 m and crown thinning (Edwards and Christie 1981) .
A B Figure 7 Relative growth rates of four British Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) yield tables (Edwards and Christie 1981) relating to initial spacing 1.7 m × 1.7 m and crown thinning. A: Relative volume growth. The growth rates were modelled using the Chapman-Richards growth function. B: The standardised relative volume growth rates over volume of the same yield tables based on the same growth model as before.
as the applicability is universal to any phenomenon involving growth processes.
